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LI-YORKE CHAOS FOR INVERTIBLE MAPPINGS ON
COMPACT METRIC SPACES
LVLIN LUO AND BINGZHE HOU∗
Abstract. In this paper, we construct a homeomorphism on the unit closed
disk to show that an invertible mapping on a compact metric space is Li-Yorke
chaotic does not imply its inverse being Li-Yorke chaotic.
1. Introduction
A dynamical system (X, f) means a compact metric space X and a continuous
map f : X → X . Moreover, if f is invertible, we call (X, f) an invertible dynamical
system; if X is noncompact, we call (X, f) a noncompact dynamical system. Since
the 1980s there is a growing literature that looks at the connection between inverse
limits and topological dynamics. In particular, inverse limits dynamical systems
are useful in economic theory such as the overlapping generations model and the
cash-in-advance model [6, 7, 2, 8]. Then the dynamical properties of inverse limit
dynamical systems attract more attentions. For instance, L. Liu and S. Zhao showed
that inverse limit dynamical system is Martelli’s chaos if and only if so is the original
system[4]; X. Wu, X. Wang and G. Chen [9] investigated some chaotic properties
via Furstenberg families generated by inverse limit dynamical systems. Notice that
if f is invertible, there is no difference between the induced inverse limit dynamical
system and (X, f−1). So we are interested in the following question.
Question 1.1. Let (X, f) be an invertible dynamical system. If f has a dynamical
property P, does its inverse f−1 also have the property P?
It is not difficult to see that the answer is positive for many properties such
as transitivity, mixing, Martelli’s chaos, Devaney chaos, positive entropy and so
on. However, it has been unknown for Li-Yorke chaos introduced by Li and Yorke
in 1975 [3], this open question is raised by D. Stockman [8]. For noncompact
invertible dynamical systems, we had given negative answers for distributional chaos
[5] and Li-Yorke chaos [1]. Inspired by an example given in [1], we will construct a
homeomorphism on the unit closed disk to show that an invertible mapping on a
compact metric space is Li-Yorke chaotic does not imply its inverse being Li-Yorke
chaotic.
Definition 1.2. Let (X, f) be a dynamical system. {x, y} ⊆ X is said to be a
Li-Yorke chaotic pair, if
lim sup
n→+∞
d(fn(x), fn(y)) > 0 and lim inf
n→+∞
d(fn(x), fn(y)) = 0.
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Furthermore, f is called Li-Yorke chaotic, if there exists an uncountable subset
Γ ⊆ X such that each pair of two distinct points in Γ is a Li-Yorke chaotic pair.
2. Main result
Denote R by the set of all real numbers, and denote Q by the set of all rational
numbers. Then R is an infinite dimensional vector space over Q. To prove the main
result, we need the following lemmas from [1].
Lemma 2.1. R/Q is an uncountable infinite set.
Lemma 2.2. For any open interval (a, b), there exists an uncountable infinite sub-
set A of (a, b) such that, for any distinct x, y ∈ A, x − y is an irrational number.
Furthermore, for any open interval (c, d) ⊆ (0, 1), there exists an uncountable in-
finite subset B of (c, d) such that, for any distinct x, y ∈ B, ln x1−x − ln
y
1−y is an
irrational number.
Now let us consider the main conclusion of this article.
Theorem 2.3. There exist a homeomorphism f on the unit closed disk D , {z ∈
C; |z| ≤ 1} such that f is Li-Yorke chaotic but f−1 is not.
Proof. Define a mapping ξ : R+ → R by,
ξ(r) =


0, if 0 ≤ r ≤ 1
ln r−[ln r]
2[log2([
ln r
2
]+1)]
, if r ≥ 1 and [ln r] is even
1−(ln r−[ln r])
2[log2([
ln r
2
]+1)]
, if r ≥ 1 and [ln r] is odd
where [·] means the integer part of some certain real number. Notice that if ln r0 =
2m,
lim
r→r−0
ξ(r) = lim
r→r−0
1− (ln r − [ln r])
2[log2 m]
= 0 = ξ(r0),
lim
r→r+0
ξ(r) = lim
r→r+0
ln r − [ln r]
2[log2(m+1)]
= 0 = ξ(r0);
if ln r0 = 2m+ 1,
lim
r→r−0
ξ(r) = lim
r→r−0
ln r − [ln r]
2[log2 m]
=
1
2[log2 m]
= ξ(r0),
lim
r→r+0
ξ(r) = lim
r→r+0
1− (ln r − [ln r])
2[log2 m]
=
1
2[log2 m]
= ξ(r0)
Then ξ is continuous.
Define a mapping g : C→ C by
g(0) = 0 and g(w) = e2we2piiξ(|w|), for all 0 6= w ∈ C.
Then g is a homeomorphism on C and its inverse is
g−1(0) = 0 and g−1(w) = e−2we−2piiξ(e
−2|w|), for all 0 6= w ∈ C.
Define a mapping h : D→ C by
h(z) =
z
1− |z|
, for all z ∈ D.
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Then h is a homeomorphism and its inverse is
h−1(w) =
w
1 + |w|
, for all w ∈ C.
Furthermore, define a mapping f : D→ D by
f(z) =


e2z
e2|z|−|z|+1e
2piiξ(
|z|
1−|z| ), if 0 < |z| < 1,
z, if |z| = 0 or 1.
Moreover, for any |z| < 1, f(z) = h−1 ◦ g ◦ h(z).
Notice that for any w ∈ C,
lim
n→+∞
|g−n(w)| = 0.
Then one can see
lim
n→+∞
f−n(z) =
{
0, if |z| < 1,
z, if |z| = 1.
Thus, f−1 is not Li-Yorke chaotic.
Now it suffices to show f is Li-Yorke chaotic. Choose an uncountable infinite
subset B of the open interval (12 ,
e
1+e) ⊆ (0, 1) satisfying the conditions in Lemma
2.2. Given any two distinct points x, y ∈ B, then ln x1−x − ln
y
1−y is an irrational
number. Consequently, there exist two sequences of strictly increasing positive
integers {mk} and {nk} such that
lim
k→+∞
e2piimk(ln
x
1−x−ln
y
1−y ) = 1 and lim
k→+∞
e2piink(ln
x
1−x−ln
y
1−y ) = −1.
Notice that given r ∈ (1, e), for 2j ≤ k ≤ 2j+1 − 1,
[log2([
ln(e2kr)
2
] + 1)] = j.
Then for any n ∈ N and w ∈ (1, e),
g2
n−1(w) = e2(2
n−1)we
2pii
2n−1∑
k=0
ξ(|e2kw|)
= e2(2
n−1)we
2pii
n−1∑
j=0
2j+1−1∑
k=2j
ξ(|e2kw|)
= e2(2
n−1)we
2pii
n−1∑
j=0
2j lnw
2j
= e2(2
n−1)we2piin lnw.
Furthermore, for any z ∈ (12 ,
e
1+e),
f2
n−1(z) =
e2(2
n−1)z
e2(2n−1)|z| − |z|+ 1
e2piin ln
|z|
1−|z| .
Together with
lim
n→+∞
e2n|z|
e2n|z| − |z|+ 1
= 1 for all 0 6= z ∈ D,
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we have
lim inf
n→+∞
|fn(x) − fn(y)|
≤ lim
k→+∞
|f2
mk−1(x)− f2
mk−1(y)|
= lim
k→+∞
|
e2(2
mk−1)x
e2(2
mk−1)x− x+ 1
e2piimk ln
x
1−x −
e2(2
mk−1)y
e2(2
mk−1)y − y + 1
e2piimk ln
y
1−y |
≤ lim
k→+∞
|
e2(2
mk−1)x
e2(2
mk−1)x− x+ 1
e2piimk ln
x
1−x −
e2(2
mk−1)y
e2(2
mk−1)y − y + 1
e2piimk ln
x
1−x |+
lim
k→+∞
|
e2(2
mk−1)y
e2(2
mk−1)y − y + 1
e2piimk ln
x
1−x −
e2(2
mk−1)y
e2(2
mk−1)y − y + 1
e2piimk ln
y
1−y |
= lim
k→+∞
|
e2(2
mk−1)x
e2(2
mk−1)x− x+ 1
−
e2(2
mk−1)y
e2(2
mk−1)y − y + 1
||e2piimk ln
x
1−x |+
lim
k→+∞
|
e2(2
mk−1)y
e2(2
mk−1)y − y + 1
||e2piimk ln
y
1−y ||e2piimk(ln
x
1−x−ln
y
1−y ) − 1|
= 0.
and
lim sup
n→+∞
|fn(x)− fn(y)|
≥ lim
k→+∞
|f2
nk−1(x)− f2
nk−1(y)|
= lim
k→+∞
|
e2(2
nk−1)x
e2(2
nk−1)x− x+ 1
e2piink ln
x
1−x −
e2(2
nk−1)y
e2(2
nk−1)y − y + 1
e2piink ln
y
1−y |
≥ lim
k→+∞
|
e2(2
nk−1)y
e2(2
nk−1)y − y + 1
e2piink ln
x
1−x −
e2(2
nk−1)y
e2(2
nk−1)y − y + 1
e2piink ln
y
1−y | −
lim
k→+∞
|
e2(2
nk−1)x
e2(2
nk−1)x− x+ 1
e2piink ln
x
1−x −
e2(2
nk−1)y
e2(2
nk−1)y − y + 1
e2piink ln
x
1−x |
= lim
k→+∞
|
e2(2
nk−1)y
e2(2
nk−1)y − y + 1
||e2piink ln
y
1−y ||e2piink(ln
x
1−x−ln
y
1−y ) − 1| −
lim
k→+∞
|
e2(2
nk−1)x
e2(2
nk−1)x− x+ 1
−
e2(2
nk−1)y
e2(2
nk−1)y − y + 1
||e2piink ln
x
1−x |
= 2
Thus, {x, y} is a Li-Yorke chaotic pair and hence f is Li-Yorke chaotic. 
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